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The goal is to find an approximate formula that relates the current change needed
in the QL and QS quadrupoles to the tune change requested by the user. The sec-
ondary goal is to verify that these equations are the same as those found in B15 and

B84.

I. INTRODUCTION

I will use the FODO lattice formule for calculating the current change that needs to be
sent to the QL and QS corrector quadrupoles given the user requested tune change. Note that
the Booster lattice is really FOFDOOD that comes from the combined function magnets
and have nothing to do with the QL’s or QS’s. I think that this approximation is probably

not that good but this has been used forever and so I will just use it.

II. THEORY

The approximation that I will use is two fold. They are:

e Replace the FOFDOOD cell with a FODO cell.

e Add QS to just before the F quadrupole and QL to just before the D quadrupole in the
FODO cell. In fact, when I examine the MADX description of Booster, QS is before the
short FD and QL is before the long DF section of each period the lattice. Note that

both QS and QL are wired to be horizontal focusing quadrupoles.

The approximation that I have discussed above is illustrated below in Eq. 1

FOFDOOD — QS(FO)QL(DO) (1)



And for Booster, there are 24 such QS(FO)QL(DO) periods.

Therefore, in this model, I can use the results that is derived in Appendix A to show
that when I make a small tune change in either plane (dQy,dQy ), the required QS and QL

current needed is given by

dQn N [ Besr  Ban BLp [Aff} Is

dQy A —Basv —Bav BLP [AE}L} I

(2)

where N = 24 is the number of QS(FO)QL(DO) periods, Sy and fgsy are the values of
the horizontal and vertical 8’s at the QS quadrupole respectively. Similarly for the 8’s at
the QL quadrupole. Note that QS is at the same location as the F quadrupole and so its
values are the same as that of the F quadrupole. Similarly for the QL and the D quadrupole.
Continuing, Bp is the magnetic rigidity of the beam, [AB’L/AI] is the integrated focusing
strength of the quadrupole per ampere in units of (T -m)/(m-A) = T/A, Iy is the current
that needs to be supplied to the QS quadrupoles and Iy for the QL quadrupoles.

Note: In principle, [AB’L/AI] can have different values for QL and QS, but at least in
the Booster, they have the same value and is 2.489 x 1073 T/A.

It is obvious that there is a common factor in Eq. 2, and so I can define a new variable

I' that takes the following form

N 1 [AB'L
= —— (3)
A Bp | Al
When I substitute this into Eq. 2, I get
d I
Qu T Bosa  Baur as ()
dQv —Basv —Bav Iw

Thus, I can invert the matrix in Eq. 4 to obtain (Igs, Ig) in terms of (dQg, dQv)

Igs _ 1 —Bav —Bau dQn (5)
Io L (Basv B — PasPav) \ Bosy Bosu dQv




A. Example

Now, suppose I want to change the vertical tune by d@Qy but I want to keep dQy = 0.
Substituting this into Eq. 5, I get

[ Bara X dQv
as I'(Basv Barer — BastBarv)
Basu X dQv
I L — 6
? +F(5QSV5QLH - ﬁQSHﬂQLV) ( )

It’s interesting that the horizontal (’s determine the currents required in the corrector

quadrupoles for a vertical tune change!

III. MAPPING B3’S TO LONG AND SHORT SECTIONS AND ALEX’S

PROGRAM
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FIG. 1. The ideal Booster lattice with all the QL’s and QS’s set to zero. Because of space constraints,
I can only indicate the location of the one of the F and D quadrupoles in this picture. Suffice to
say that there is a I at every 3, peak and D at every 3, peak. And in my model, QS is at the same
location as the F' quadrupole and QL is at the same location as the D quadrupoles. But recall that
both QS and QL are horizontal focusing quadrupoles.

When I look at the ideal lattice shown in Fig. 1, I can map the §’s in the matrix of



Eq. 2 by placing F quadrupoles at the locations where (3, is at its maximum value and D
quadrupoles at the locations where 3, is at its maximum value. Therefore, the mapping is

as follows:

Bay = 20.4245 m
Barr = 7.2985 m
Busy = 5.2871 m
Busz = 33.6431 m (7)

A. Mapping 3’s to Alex’s B15 program

I will map what Alex uses in his program B15 to what I have derived. Looking at his

source code in CorrectorQuads.cpp, I have the following

Variable name Alex’s variable name
I'x Bp — commonFactor
Barv — betaVLong
Baru — betaHLong
Basv — betaVShort
BasH — betaHShort

The matrix in Eq. 4 when mapped to what Alex uses in his program is

r Bosn  Bar . commonFactor [ betaHShort betaHLong

—Besv —Bauv Bp —betaVShort —betaVLong
1 [ba
=% = (8)
Bp\a c

Inverting Alex’s matrix M gives me

M'= —""— (9)



and Alex’s solution is
IQS . Bp —C a dQH
Iow ad—bc | g —p dQv

1. Verifying the equations in B15 and B8

Like in the example that I had discussed in section IT A, I want to change the vertical

tune d@y but not dQQy and so

a

Ios = d B 11

A ad — bc X dQv x Bp ( )
—b

I = d B 12

o ad — bc X dQv x p ( )

And similarly when I want to change the horizontal tune d@Qy but not dQv, I get

—cC
—— xd x B
ad — bc Qu p

d
— xd B 1
ad—bc>< @ x Bp (13)
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These are exactly the equations used in B15 and B84 for calculating the required current
changes for a given betatron tune change. Therefore, I have verified that the equations are
correct in these programs.
IV. ACKNOWLEDGEMENTS
I would like to thank M. McAteer for pointing out that all the QS and QL corrector
quadrupoles are wired as horizontal focusing quadrupoles.
Appendix A: Deriving the tune change from a perturbative lens

The Twiss matrix of a FODO cell (for example, see Ref. [1]) is given by

CoS [t + arsin ju Bsin p
Tropo = . . (A1)
—ysing  cosp — asinp



where «, 8, v and p have their usual definitions. When I add in a thin lens at the start of
the FODO cell, I have

1 0 CoS [t + arsin ju [Bsin p
lé‘ODO = 1 . . (AQ)
-7 1 —ysinpg  cospu — asinp
where 1/f = [AAL}L} I/Bp. When I multiply out Eq. A2, T get
cos [t + arsin pu Bsin
FoDO = (A3)

—%(cos,u%—ozsin,u) — ysinp —’?sin,u%—cos,u—ozsin,u

With the inclusion of the perturbation, the phase advance p changes and I write the change
as u — pu+ dp = /. But for small enough dpu, the «, 5 and 7 should still be the same and
so Eq. A1l becomes

/ 3 !/ 3 !/
Thono = cos (' + asin Bsinp (A4)
— sin cos i/ — asin i/

When I equate Eq. A3 to A4, I have
cos p' + asin g/ B sin i/
—~ysin i/ cos i/ — asin i/

coS [t + arsin pu [Bsin i

—%(cos,u—l—asinu) — ysinp —?sin,u%—cos,u—ozsin,u

I can judiciously select out the entries in Eq. A5 to work with. In this case, the (1,1) and

(2,2) elements of the matrices can be equated to give

cos i’ 4 arsin p' = cos pu + acsin

cos,u’—ozsinu’:—?sinu—i—cosu—ozsin,u (A6)

And when I add these two equations together, I get

2cosp’ = 2cosp — ?sinu (A7)



I can expand Eq. A7 to first order in du to get

2(cos pu — dpsin ) = 2 cos pp — ?sinu

B
= 2 A
= dp 27 (A8)
But d@Q = du/2m and thus when I substitute this into Eq. A8, I obtain
B
dO = A9
Q-1 (49)

a. Orthogonal plane effects

Now that I have Eq. A9, I can calculate what happens to the betatron tune when the
corrector quadrupole current is changed. Both planes are affected because the quadrupole

focuses in one plane and defocuses in the other.

For an F quadrupole (both QS and QL quadrupoles are F quadrupoles) that has focal

length fr and in this case, the change in the betatron tunes of both planes is

_ Bru
dQm = PR
_ Brev
dQyv = “infr (A10)

where Sry and [ry are the values of the horizontal and vertical £’s at the F quadrupole
respectively.

Therefore, when I apply Eq. A10 to one QS(FO)QL(DO) cell to take into account the
effect of both QS and QL, I get by summing both their effects to obtain

A0y = Bust n BaLr

N 47TfQS 47TfQL

- ﬁqsv 5QLV
dQv = “Infe  Arfa (A11)

where fgs is the focal length of the QS quadrupole and Pgsy and [gsy are the values of
the horizontal and vertical 3’s at the QS quadrupole respectively. The variables for the QL

quadrupole are named similarly.



I can write Eq. A1l in matrix form

dQu B i 5QSH ﬂaLH ﬁ
dQy A —Basv —Bauv ﬁ
1 Besn Bam | (5 [557] fus (A12)
A —Besv —Bav BL,) [AE;L} Iq

Notice that I have explicitly put in the QS current /os and QL current Ig.
When the same currents Igs and Ig, are applied to every Q3(FO)QL(DO) cell in the lattice

and there are N cells, then I just sum all the tune change from every cell to arrive at

dQpn N [ bBesg  Pan Bip [AEL} Is

= 4r 1 [AB'L (A13)
dQv —bBasv —Bav B—p[ L) I

Thus, Eq. A13 is the formula that I will use in section II.

[1] H.-Wiedemann. page 245. Springer, 3rd edition, 2007.



